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Abstract 

The quantum contribution of a scalar field to entropy of a dilatonic 
black hole is calculated in the brick wall model by the WKB method and 
analyzed by a high-temperature expansion. If the cutoff distance from 
the horizon approaches zero, the leading divergent piece of entropy turns 
out to be proportional to the "area" of the horizon surface (which has 
{N — l)-dimensional extension in (A'^ + l)-dimensional space-time) and 
independent of other properties of black holes even in the case of general 
dilaton coupling. There is also qualitative argument with the known result 
of subleading divergence for A'' = 3. 
PACS Nos.: 04.60.-hn, 12.10.Gq, 97.60.Lf, ll.lO.Kk. 

Recently, there has been a renewed interst in thermodynamic description of 
black holes. The "zero-loop" partition function of black holes is derived from the 
path-integral of a classical action of Einstein gravitation, along with a special 
attention to the boundary conditions. [1] 

An attempt to calculate contribution of quantum fields to the black hole 
entropy was made in the seminal work of 't Hooft.[2] In the last decade, entropy 
due to quantum fields and string excitations has been investigated by many 
authors. Recently, Callan and Wilzcek analyzed field theory in an accelerated 
system and obtained quantum contribution to the entropy, which they called 
as geometric entropy. [3] Their geometric entropy is believed to be equivalent 
to the one obtained in the other ways such as was done in Ref. [4]. Susskind 
and Uglum [5] and Kabat and Strasslers [6] showed that similar result can be 
obtained through the WKB method, which is used in the 't Hooft's analysis. [2] 

In a recent paper, [7] Ghosh and Mitra calculated the entropy due to quantum 
scalar field in the background of a dilatonic black hole in effective string theory 
by the WKB approximation. They showed the cutoff-dependent part is not 
proportional to the area of the horizon surface if the black hole is maximally 
charged. Recent calculation by Solodukhin [8] supports their evaluation. 
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In this letter, we compute quantum eorreetions to blaek hole entropy in a 
model with an arbitrary dilaton coupling in arbitrary space-time dimensions 
using the WKB method. First of all, we start with reviewing the classical 
background of a charged dilatonic black hole. Suppose the classical action for 
gravity with a U(l) gauge field and a dilaton field as follows: 



S= f d^+'x^ 
J 167r 



R 



N - 1 



+ (boundary terms) , 
(1) 

where = F^^" F^i, with the field strength F^,j = d^A„—di,A^ and the Newton 
constant is set to unity. Here we assume that the dilaton coupling a may take 
any positive value: For effective field theories of string theory, it takes a — 1. 

The spherical black hole solution to the field equation derived from the action 
(1) is given by [9, 10] 
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where r+ and r_ are constants (r+ > r_). In Eq. (2), d^yj_-^ represents the 
line element of a unit {N — l)-sphere. 

For this solution, the dilaton field configuration is expressed as 



and the electric field is written as 



^dt A dr , 



where the charge Q is related to r+ and r_ as 
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The mass M of the black hole described by the solution is given by 



M = 



{N - 1)An-i 
16n 



,N-2 



+ 



where 



N -2 + a? 

27r^/2 



a ^N-2 



iJV-l = 



r{N/2) 



(5) 



(6) 



(7) 



(8) 



(9) 



2 



Now wc introduce an extra neutral scalar field with a mass m in the black 
bole background. The scalar is allowed to be coupled with the background 
dilaton field in general. We will evaluate the contribution of this field to black 
hole entropy by means of a mode function technique. The equation of motion 
of the scalar field can be written in the general form: 



yMe-4afa0/(Ar-l)y^^ 



g-4ac0/(iV-l)^2^^ 



(10) 



where b and c are parameters representing the strength of the coupling to the 
dilaton field. 

In the spherically symmetric space, the scalar field can be written by a 
product of mode functions: 



1 



r(^-i)/2 



(11) 



where the generalized spherical function Y^^ ^\^) is the eigenfunction of the 
Laplacian on with a unit radius, such that 



^(N-X)y(N-l) 



(£ = 0,1,2,...). 



(12) 



The differential equation concerning the radial function Xuii''') can be ob- 
tained by substituting Eq. (11) into Eq. (10). We further introduce a new radial 
coordinate y defined by [10] 



r ^2b 



(13) 



where y varies between — oo and oo while r varies between r+ and oo. Then the 
wave equation for the radial function is simplified as [10] 
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Let us use the WKB method to evaluate the solution to Eq. (14). The 
solution is approximated as 
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If wc impose the boundary condition that the wave function vanishes on the 
"brick wall" at r = r+ + 6 and on the wall of a large box at r = L,[2] we 
find that the discrete quantum number n is associated with the phase function 
[2, 5, 6, 7, 11]: 

mr 

where 



[ k^e{r)dr, (18) 
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The free energy F can be derived from the density of the modes. After some 
manipulation, [2, 5, 6, 7, 11] one can get the following expression for the free 
energy at inverse temperature /3: 



^d^^J-^f k^e{r)dr^ [ f{r)dr, (20) 



where the degeneracy of the spherical modes Dg is [12] 

_ (2£ + iV-2)(£ + iV-3)! 

= (N^\ ■ ^ ^ 

In (20), the integral over u should be taken only over possible values for which 
k^i is real. 

We wish to study the portion that yields the divergence of the free energy 
as (5 — >■ 0. In the first step to this end, we approximate the "density" /(r). 
Integrating over w, /(r) can be rewritten by using the modified Bessel function 
[13] as 

0--(JV-3)/(JV-2) ^ ^ ^ 
TT 

where r]{r) is defined by 



/(r) = E E — 7^^ib/3VA^r?(r)) , (22) 
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Note that the inverse temperature 3 appears only in the combination 3V Act 2 = 
/^vi^**! = To see the structure of generating divergences in free energy, 

we will expand Eq. (22) with respect to powers of /3(r); this is just a "high- 
temperature" expansion. To this end, wc use another integral representation of 
the modified Bessel function. [13] Then Eq. (22) becomes 



(jV_3)/(JV-2) ~ 1 /-"o / n2 52 2\ 
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To perform the sum over I, we use the following expansion [12] in Eq. (24): 
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Consequently, we find the following expression to the next-to-leading order for 
small /9(r), under the assumption of ma''~'' <^ and ra^^^^~^^ ^ P: 
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where ({z) is the Ricmann zeta function and we have applied formulas for the 
gamma functions [13]. 

In the second step, we examine the divergence of free energy after integration 
over r as i5 0. We first focus our attention on the contribution from the leading 
term of the high-temperature expansion. 

The estimation can be done in a straightforward way. To rearrange the 
result, we prepare the following quantities. The invariant distance between the 
horizon at r = r+ and r = r+ + 5 is [2] 
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The Hawking temperature of the dilatonic black hole is given by [9, 10] 
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Then we find that the leading term of the divergent part as 5 0, or 
equivalently as e 0, in the free energy of the order of ^5"^^+^^ is expressed 
as: 
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where the "area" of the horizon (A^ — l)-sphere is given by 
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with 

f+ = r+ai/(^-2)(r+). 
The corresponding entropy turns out to be 



(31) 
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Notice that the last expression (32) inchidcs no exphcit dependence on the 
parameters of the charged dilatonic black hole, r+, r_, and the dilaton coupling 
a. Thus the same expression holds for a Schwarzschild or a Reissner-Nordstrom 
black hole. Our result is in accord with the one in Refs. [2] and [5] and the 
other reports for N = 3. Moreover, since the entropy at the "tree level" is also 
proportional to the "area" of the horizon surface, i.e.. 



1 r(N-l) 
^0 - -^^H 



(33) 



the contribution (32) to the entropy can be treated by "renormalization" of the 
gravitational constant [5, 8]. 

Next, we turn to the subleading divergences (as £ — >■ 0). The divergences of 
the order of £"(^"3) (N ^ 3) is present in both the terms of 0{p-^^+^^) and 
(9(^-(^-i)). For N = 3, these divergences are proportional to the logarithm of 

£. 

For AT ^ 3, we find 
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and for A'' = 3 we obtain 
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where A is IR cutoff. 
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These lead to the following contributions to the entropy: 
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for N = 3. 

This result for iV = 3 can be compared with the results of other authors. 
The first line of Eq. (37) agrees with the evaluation of Ghosh and Mitra [7], 
who also adopted the WKB method, when a = 1 and in the limit r_ = r+ after 
setting /3 — (3h- 

The subleading contribution to the entropy has been evaluated also by Solo- 
dukhin [8]. Their logarithmic terms for Schwarzschild and Reissner- Nordstrom 
black holes (Eqs. (3) and (20) in the second paper in [8]) coincide with the first 
term in (37) with a = 0. For a dilatonic black hole, although the expressions do 
not coincide exactly, the qualitative feature (its positivity in the extremal limit) 
is similar. The origin of the difference is not clear up till now. 

The second line in the expression (37) has been found in this paper for 
the first time. This may not be a small contribution in comparison with the 
rest. Although we have only given the first and second terms in the expansion, 
we would get the general feature of the series of divergences. For a charged 
dilatonic black hole (with a 7^ 0) in the extreme limit r_ r+ (after setting 
P = /Sh), the divergent quantum corrections as e — )■ would vanish except for 
a logarithmic term (for odd N), since higher divergent contribution would be 
written in positive powers of f + . 

To summarise, we have computed the leading and subleading divergence in 
the quantum correction to black hole entropy by using the WKB approximation. 
We have confirmed that the leading divergent piece of the entropy is proportional 
to the "area" of the horizon and has no explicit dependence on other parameters 
describing the black hole. The subleading divergence obtained in this paper 
coincides partially with the known result. We have shown that there is a piece 
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of the sublcading divergence that comes from the next-to-leading term in the 
high-temperature expansion. 
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